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ABSTRACT 

The action for the D — 10 type II Dirichlet super-p-branes, which has been obtained 
recently, is reconstructed in a more geometrical form involving Lorentz harmonic vari¬ 
ables. This new (Lorentz harmonic) formulation possesses ^-symmetry in an irreducible 
form and is used as a basis for applying a generalized action principle that provides the 
superfield equations of motion and clarifies the geometrical nature of the ^-symmetry of 
these models. The case of a Dirichlet super-3-brane is considered in detail. 
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1 Introduction 


Recently ^-invariant actions for the D = 10 type IIB Dirichlet super-3-brane |T| and 
then for all D — 10 type II Dirichlet super-p-branes (D -p-branes) i-i were obtained. 
These actions consist of the sum of a Dirac-Born-Infeld (DBI) action and a Wess-Zumino 
(WZ) term. The role of fermionic ^-symmetry in these models is to reduce half the number 
of components of the target space spinors. Therefore the ^-symmetry variation of the 
spinors involves a projector given in terms of a traceless matrix T that squares to unity. 
A remarkable property of the models [l]-@ is that the ^-symmetry variation of the DBI 
action can be written as the integral of a (p + l)-form and hence can compensate the 
variation of the WZ term. This property looks miraculous from the point of view of the 
papers 0-0. 

-0 as auxiliary variables, we 


In the present paper, by use of Lorentz harmonics 


rewrite the full action of these models as the integral of a Lagrangian (p + l)-form over 
a d = p + 1 dimensional worldvolume (see IQ for superstrings and type I super-p- 
branes) and verify its k- invariance. In this way the remarkable property mentioned above 
appears quite naturally and its geometrical nature is clarified. 

The formulation we propose is a generalization to the case of super-D-p-branes of a 
geometrical twistor-like approach to describing supersymmetric extended objects devel¬ 
oped in 0, 0, 0, 0. 


Since our action is written in terms of differential forms without any use of Hodge 
operation it extends in a straightforward way to a group manifold (or generalized) ac¬ 
tion [|14|, |TT|| that describes the embedding of the brane superworldvolume in the target 
superspace 0. 0. 0 . 

This is done simply by replacing the purely bosonic worldvolume with an arbitrary 
(p+l)-dimensional surface in the whole superworldvolume and regarding the coordinate 
functions and supervielbein components as worldvolume superfields restricted to this arbi¬ 
trary surface. Then a generalized action principle produces the superspace held equations 
typical to the twistor-like formulations and, as in the case of superparticles, superstrings 
and type I super-p-branes, gives the geometrical meaning of the K-symmetry in these 
models as a manifestation of worldvolume superdiffeomorphisms |0-|0. Thus our ap¬ 
proach provides a bridge between the formulation of refs. i-i and the superspace 
approach of ref. 0 0 . 

For simplicity the details will be worked out only for a super-D-3-brane but the 
generalization to other super-D-branes is straightforward. 

The paper is organized as follows. In Section 2 we fix our notation and introduce 
Lorentz harmonics In Section 3 we describe the DBI action for super-D-p- 

branes Bl- In Section 4 we propose the new formulation for Dirichlet super-p-branes 
which involves Lorentz-harmonic variables. Section 5 is devoted to the proof of the k- 
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invariance of the Lorentz-harmonic action. In Section 6 we demonstrate that by use of the 
Lorentz harmonics ^-symmetry can be rewritten in an irreducible form and present the 
set of 16 covariant parameters of irreducible ^-symmetry for the type IIB super-3-brane. 

In Section 7 we use the Lorentz-harmonic formulation for the construction of the 
generalized action for super-D-p-branes in I) — 10 type II supergravity background 
and obtain superfield equations of motion for these objects. Equations of motion for a 
super-3-brane in flat D — 10 type IIB superspace are analyzed in more detail in Section 
8 . 

2 Notation and conventions 


First of all let us describe our notation. We shall use underlined indices for target (su- 
per)space and not underlined ones for world (super)surface. Latin and Greek letters 
denote vector and spinor indices respectively and letters from the beginning or the middle 
of the alphabet refer respectively to tangent space or curved spaces. The hat and/or 
tilde over the index denote its reducible structure with respect to the Lorentz group, 
namely, a 32-dimensional type II spinor index |l], Q and a composite spinor index of 
SO(l,p ) x SO (9 — p) respectively (see below). 

The supervielbeins of D = 10 N = 2 target superspace are denoted as 

E— = dZ—E^Z) = (EP,E&), 

where Z— = (x—, 6 1 -) (m = 0,..., 9, p = 1,..., 32) are the local coordinates of the 
type II superbrane, a — 0,1, ...9 is a D = 10 vector index, and a is a 32-valued Majorana 
index of SO(l, 9) for II A models or a composite spinor index of SO(l, 9) x SO( 2) for II 
B models. 

The spinor index is reducible with respect to the SO(l, 9) Lorentz group and can 
be decomposed into two 16-valued indices. In the type IIA case this decomposition 
corresponds to the splitting of a D = 10 Majorana spinor into two Majorana-Weyl spinors 
of opposite chiralities 

E^=(E^,El), a — 1,..., 16 (1) 

For type IIB case it is convenient to use splitting 

E- = (E-, EP) = (E- 1 + lE^- 2 , E- 1 - iE^ 2 ), a = 1,..., 16 (2) 

which possesses a complex structure inherent to IIB superspace. (Note that in refs. 11 

real splitting of the spinor components 

E- = (E- 1 , A- 2 ), a = 1,..., 16 (3) 
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was implied). 

The representation of gamma matrices corresponding to the decomposition (f|) is 



= O' 


aft 


K 


( 4 ) 


where the matrix K belongs to a set (K, J,I) introduced in |T], [^]. These matrices have 
the form 


K = 


C 



J = i 




(5) 


in the representation (||), which corresponds to 


K = 






( 6 ) 


in the real representation (|3|). In (£|) cr^ are 16 x 16 Majorana-Weyl 7 -matrices whose 
50(1, p) ® 50(9 — p ) invariant representation can be chosen in a form which reflects 
a complex structure inherent in the worldvolume superspace of the D-p- brane. For 
instance, for p = 3 it is convenient to choose the following representation 


= (^a^a/j); a = 0,3 i = 1 ,6 a = 0,9 


a _ 

®af) 


0 

° a f>A p 0 /’ 


(d * )s e = ( 0 


a &-\ 0 


ct, 13 = 1,2 a,$= 1,2 q,p= 1,..., 4 

G^f)® 0 \ 

— e d/?(7 )gp/ 


0 \ 

1 J { 0 e“^(f )®>) ’ 


where 


a 


aft = e *0£pa(° a ) 


a\aft 


a = 0,..., 3 


are relativistic Pauli matrices, e Q( g = — ep a , 612 = —1 = — e , and 

7L = - 7 i = -((f n* = h OT „(fr 


(7) 


are Klebsh-Gordan coefficients for the group 5f/(4) = 50(6) 
The worldvolume supervielbeins are 


e A = (e a , e“) = dz M e^{z) = d£ m e* + drj^ef ( 8 ) 

where z M = (£ m , rf ) (m = 0, ...,p; fx = 1 ,..., 16) are local coordinates of the worldvolume 
superspace of a super D-p-brane, a is a d = p + 1 tangent space vector index and ct is a 
composite 16-valued spinor index of 50(1, p) x 50(9 — p). 

Again in the I IB case the representation with complex structure 


e 


Q 



(9) 
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is convenient, where the indices a, a stand for spinor representations of SO(l,p) and q is 
a spinor index of SO (9 — p). For the Dirichlet 3-brane 


p — 3, a— 1,2, d = l,2, g = l,...,4. 

To construct a super-D-brane action we introduce vector and spinor Lorentz harmon¬ 


ics 


k-l 


g given by a 10 x 10 matrix w a - and a 16 x 16 matrix vj - such that 

E SO (1,9) =>• u a - 7]— cmd \\vjp\l E Spin(l,9) (10) 


u and v matrices are related to each other by the following condition of the invariance of 
the 7 -matrices under the Lorentz rotations 


u l a h= v i a h v i’ 


a QL0 a I 

= V a Vp. 


When adapted to the superbrane worldvolume, u a - splits covariantly into 

U a~ = «X)> 


( 11 ) 


( 12 ) 


where u a and u l are respectively tangent and orthogonal vectors to the worldvolume j 1 ;. 
In a similar way u Q Q splits into 


V a = ( a - aq n 
u a \ u aq') a_ ) 


(13) 


In the p — 3 IIB case a = 1,2 , a — 1,2, q — 1,..., 4 and bar denotes complex 
conjugation. The representation (0) can be used to specify (Jll ) as follows 


(14) 


7 / a n- — v a n a -v aq 4 - d a n a ■it &q 
U a a aP - V aq a af) V 9_ + V Pq (J ap V g L > 

n, — v OL~i qp _ - aq i - p 

U a a gp— U aql U Pap V a 1 qp V pal 

7 / a rri 3a fr p — v a rT^—T] & p 
U a a a °q ~ V aq°°^ V §_ > 

? , W f ai3 = V "rf“-71 0 
^a iqp^ wSL vjjp ? 

= -V^d^Vp^. 

The role of the Lorentz harmonics is to adapt the supervielbeins E— to the super-p- 
brane worldvolume [[Toll as follows 


E- = (EP\ & 


1 The decomposition ([jj]) and (^3|) are invariant under local 50(1, p) x SO(9 — p) transformations, 
which form a natural gauge symmetry of the p-brane embedded into D = 10 space-time. This provides 
the possibility of treating Lorentz harmonics (|l|) and (|l^) as coordinates of a coset space so(ipp<SO( 9 -p) 
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where 


= E- = ( E a , E i 


( 15 ) 


E- = 


(E^-El) = {E^v*, Elvf) = (Ef, E^- Eg, E£) IIA 
(E& EP) = (E^v a ^ E^v*) = (E?, EE?, E “ 9 ) IIB 


(16) 


E a = E^ n 


E l = E^u n 


IIA : 
IIB : 


7710:1 _ Z7'Q:1^, o 

Eg ~ E~ V m , 


E aql = E al 


E a = E-V “ 
q o<? j 


(17) 

(18) 


i 1 r e < p - - E 2 v- E 2 = E 2 v- 

u a_ i ^ol J -^gr J qoi'> ^aq ± ^ / a_ u aq ? 

E "5 = E% = E-v° v E “9 = 

In addition to the superspace coordinates Z— super-.D-p-branes have a worldvolume 
(super) one-form 

A = dz M A M {z M ). 


In what follows the worldvolume supervielbeins (^J) and (|D|) will be regarded as ones 
induced by embedding and hence related to pullbacks into the superworldvolume of ([l7| ) 
and (| 1 |) (see below). 


3 Original Super—D—p—brane actions 

In the ^-invariant formulation of refs. |]J-[f|] the worldvolume M.q is purely bosonic (not 
supersymmetric). Therefore rf and the spinor vielbeins e a are absent and 

A = dCAniS) 

is a one-form and Z M (£) arc functions on Ado- 

The action functional obtained in |]]-[f|] for super-H-p-branes propagating in a back¬ 
ground of D = 10 type II supergravity has the form 

= Idbi + hvz (19) 

where Idbi is the Dirac-Born-Infeld action 

Idbi = ~ [ d p+1 ^-det(g mn + e-^E mn ), (20) 

Jm 0 

(j) = <j){Z— (£)) is the dilaton superfield, g mn = E^rjabE^ is the induced metric and the 
field T mn are the components of the 2 -form 

T = dA — -8(2) • 

In (5) . 8 ( 2 ) is the NS-NS (background) super 2-form (see [|5], [I], 0 and refs, therein) with 
the field strength 

H{ 3 ) — dB{2) ( 21 ) 


6 



The Wess-Zumino term I wz 

Iwz = — [ ^+1 — f e r AC (22) 

J Mo J A4 q 

is the integral over the worldvolume of the Wess-Zumino form £j,' + f expressed in 
terms of the form F and the formal sum of the RR super-n-forms C ( n are even for the 
IIB and odd for the IIA case) 

C = eLo-C(„) (23) 

The held strengths of C( n ) are 

R = e S(2) A d(e~ B w AC) = © 30 =1 R (n) (24) 


The invariance of the action ( |59| ) under fermionic ^-transformations is stipulated by 
the existence of a 32 x 32 traceless matrix f acting on the tangent spinors and satisfying 
the condition f 2 = 1. In refs. S 1- i it was proved that this matrix exists for any 
D-p-brane and is given by the formal sum 

^ p+1 f = -- exp{e~*+F )j\ Mo (25) 

-L-'DBI 


where 


7 = ©n 7 ( 2n \K) n I in the IIB case 
7 = ©n 7 ^ 2 n+ 1 ^ 7 11 hr the IIA case 
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(") = — E^...E^r a 

n\ 


and K and / are the 2x2 matrices given by Eq. (|||) (or (|j) in the real representation) 




and Ldbi = y —det(g + e~IF). 

As usual T„ are the Dirac matrices in D — 10 times a charge conjugation matrix (see 
(g) for the IIB case) and T^...^ is the antisymmetrized product of T £ with unit weight. 

The infinite reducible ^-symmetry transformations of Z— and A(z) which leave the 
action (19) invariant are 


S k Z^E% = i K E- = 0, 8 K Z^E% = 1 K & = rF (26) 

8A = i K B(2) AA 8F = i K H( 3) (27) 

where 

(28) 

For instance, for the 3-brane £4 z and T are given by 

C WZ = ( C (4) + T A c &) + Ijr A FC^)\ Mo , (29) 

C^ z = dCY z = (i? (5) + F A i? (3) + ^F A F A R (1) ), (30) 
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1 


(31) 


d 4 £T = ---( 7 < 4) + e~*T A 7 &K + -e-+T A T)I\ Mo - 

-L-'DBI 2 

The superspace constraints for H^, R^), R ( 3 ) and R ( 1 ) are 

J ^ . Afl . 1 AA . /? t i 1 


tf (3) = e^[-E^AE^AE%rj{)^+-E^AE b -AE^r cJl K)lA l 


+ -^A#AM* (32) 


%) = ^ A^A^A^A ^(T ClCaC3 /)^ + A - A -S—-Raj.-.og (33) 


i?( 3 ) = e 2 


where 


'hd 5I' 

-^E-/\E~-/\E-{T c J)g ! j 3 +E-/\E-/\E-{Y^_KI)^K. 

R(i) = 2e-*E*{IA)) & + E-R b 


A« = -Vq^(Z) 

The D = 10 type // supergravity torsion constraints are 


+ ^E^AE^AE^R s!sl (34) 

(35) 

(36) 


T a = VE- = --B2 A sA 2 . = -i(Br 2 B) 
2 M 2 V ' 


(37) 


4 Super— D—p —brane action functional in terms of dif¬ 
ferential forms 


Instead of (19) we propose the following action functional 

S = I 0 + I WZ =[ (C° p+1 + £%*) 

•' Aio 

where the Wess-Zumino term Iwz is the same as before (Eq.([23|)) and 


(38) 


do — / E° +l = f (—7 — . E a ° A E ai A ... A E ap e aoai ...a p e 2 —det(rj ab + F a b) (39) 
JMo Jm 0 (p + 1)! v 


+Q p -i A [e~*+(dA - B (2) ) - l -E b A E a F ab ]) 


Here E a are defined in (pT5|) (pT 8 |) , F ab is an auxiliary antisymmetric tensor field with 
tangent space (Lorentz group) indices and Q p -\ is a Lagrange multiplier which produces 
the algebraic equation 

F 2 = 1/2 E b A E a F ab = e~ Hover2 {dA - B [2) ) = e -^ OTer2 ^ (40) 

and identifies the auxiliary field F ab with the components of the form T of the original 
action (j 20 |). 

The introduction into (|38|) of the term with Q p -\ and the use of E a (0 enabled us 
to rewrite the DBI action (|2(]) as the integral of a differential (p+ l)-form over A4q and, 
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therefore, to consider it on an equal footing with the WZ term. This explains why the 
^-variation of the DBI functional (:2p|) is an integral of a (p + l)-form jl|. [2j. 

The Lagrange multiplier form Q( p+ 1 ) does not contain propagating degrees of freedom 
because the variation of (^) with respect to the auxiliary held F a b yields the equation 


Q p _ i A E b A E a = 


I E°° A E“ A ... A + F)) (41) 


(p+ 1)! 

which is algebraic and can be easily solved 

Q P -i = - J-det^ + F)e~^E^ A ... A E a ^e ai ... ap _ iab (v + F) 


— lab 


(42) 


The variation of the Lorentz harmonics u a - (contained in E a ) for getting held equations 
requires some comments. Since u a - must satisfy the constraints (JlCl) one should add to 
the action (|38|) the term 

h = / ~ ’A) 

where L are Lagrange multiplier ( p + l)-forms. Then (|38|) would extend to S' = S + I c . 
The held equations 

5 S' 

— = 0 

L ij = 0 = L a \ 

„ 8 S' 


lead to 


while the held equations 


specify L a b and 


u 


- 8u 


= 0 


* 8S’ _ n 

U ^5u b ° 


imply a so-called rheotropic condition |]TT 


E * = dZ—E‘ M = 0 


(43) 


which reads that the pullback of E 1 into the worldvolume is zero. 

Alternatively one can avoid adding the term I c but perform the variation with respect 
to w a - according to the rule 


8 < = ^ 5 ) = 


(44) 


where il-~ is the S'O (1, 9)-valued Cartan 1 -form 

= _Qha = 


n ab n aj 
-n bi n* 


(45) 
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and fi(£) = igQ (For the details see, for instance, || 10]). Then the variation of S with 
respect to gives again Taking into account Eq. (|T|) we get 


9mn = E^rjabE^ = E^r] ab E b n (46) 

so that E^ can be regarded as induced worldvolume vielbeins. 

Using the algebraic equation ®, ©, @ and (|46]) we can reduce the functional Jo 
(|3£f) to Idbi m- This P roves that a f the classical level the formulation under consider¬ 
ation is equivalent to that of refs. [1-4], 

5 ft—Invariance 


Since the action (|38|) is equivalent to (0 its invariance under ^-symmetry is guaranteed. 
However it is instructive, in view of the consideration in the next section, to verify it 
explicitly. 

Our action functional is the integral of a (p+l)-form C p+ \ over the world volume. If 
this form was the pullback of a target space form its variation could be obtained from the 
Lie derivative of the Lagrangian density C p+ 1 


d E pP i i t; (lE pP i 


^(ft-^p+i) 


so that, neglecting boundary terms, we would have 


5S= i K dC 


p+ i- 


(47) 


Note that Eq. ([h|) allows to identify the worldvolume vielbeins e a with a linear 
combination of the pullbacks of E a tangent to the worldvolume. The basic held variations 
defined by contraction of the forms E a with the k parameter E a (S K ) = i K E a vanishes due 


to the definition of the ^-symmetry (|26|) . Hence the contraction of Q vanishes as well 


(see ([42])). 

But since C p+ \ also contains genuine worldvolume fields wich are not the pullbacks of 
target space objects (such as Lorentz harmonics), we must add to (47) the k variations 
of these holds. However these variations (which are still undefined) are multiplied by the 
algebraic held equations (|I|), ( 4T[) and (f43|) and, therefore, they can be appropriately 
chosen to compensate possible terms proportional to the algebraic equations that arise 
from the variation of other terms. It means, in particular, that when computing SS we 
can freely use these algebraic equations and, at the same time, drop the k variations of 
these genuine worldvolume quantities if we are not interested in their specihc form. Also 
notice that from (|27f) the ^-variation of T is 


5E = i K dT = i K H 
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which can be also viewed as the Lie derivative of T provided we formally assume i K T = 0. 
Thus in order to check the K-invariance of S one has to compute the differential of 
and C p+ x (modulo the algebraic equations (fj0|), ([41]) and (|43|) ). 

We shall explicitly compute the differential of £( p _|_i) only for the 3-brane. The other 
cases can be treated in the same way. From (^) and the definition of the curvatures 
incoded in (|4|) and the constraints Q32|) - (|35|) one has 


dCf z = R 5 + T A R 3 + A T A R 1 = 1 -{E^ ] E) + (Ey^A), 


where 


7 ( 3 ) = 


V -E a A E h A E C T cba + F 2 A E a T a K 


7 ( 4 ) = 


F 2 A E a A ET ba K - F 2 A F 2 


(48) 

(49) 

(50) 


and 


r a = rx. 

On the other hand the differential of Co is 

1 


dC° 4 = \J-det{r] + F){—e aia2a3a E ai A E a2 A E ai A T a - 


— E ai A E a2 e, 


ai 0,2(13(14 


3! 

((V + F)- 1 )^ A [e~$H 3 + l -F 2 A + T a A E b F ba }}, 


where T a = T-u “. Using the constraints (32) and (37) and making some algebraic ma¬ 
nipulations we can rewrite dC\ as 


dC" = 


^-det(r, + F)[-^e aia2a3b E a ' A E a2 A E a3 A (ET^ + KF)~ l ) ab E) + 


+e, 


01020304 ^ 


E a1 A ... A E a * A {^L(£r 6 ((r7 + A'F) _1 ) ba T a A) - ^(M)}], 


where 


(77 + KF)~ lbo = (v + F)~ 1{ba} l + (77 + F)~ lba K = 

{r) ba - F b c F ca + ...)1 + ( F ba - F bc F cd F da + ...)K 

Inserting the unit matrix T 2 and using the remarkable identity 

rr„ = - l + \F ain T^K}e™™\ri + FK) ba 

yJ-det(ri + F) 3! 2 


one gets 


dCl = --(Ef^E) - (Afy^A) 


(51) 


and 7 ^ are given in ([49|) and 
In conclusion 


dC 4 = dC° 4 + dCY z = i(A ( -y 3) U(-i) - 2(^7^A), 


(52) 
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where 


£(-)“ = -(E(l -r))A 


(Going from (|48| ) and fl50|) to (|52D we used the properties Y 1 = — T and Ty® 
At this point the re-invariance of S becomes obvious (see (|26|), (|28|) and ( 


and hence 


i*E = 0 = i k E* 


i k dC = 0. 


(53) 
- 7 ( 3 )f T ). 

|)) since 

(54) 


(55) 


6 Irreducibility of k symmetry in the Lorentz har¬ 
monic formulation 

It should be stressed that the use of the Lorentz harmonics provides us with the possibility 
of extracting the covariant set of 16 independent parameters of the re-symmetry. This 
means that passing from the original functional fll9l), (p0|) , ( ^2|) to the classically equivalent 
action (|38|). (|39p, ( p2|) we achive an irreducible description of the re-symmetry (see 00- 


3^1 for superparticles, superstrings and type / super-p-branes). 

As an example let us consider the 3-brane case. In 32-component spinor notations 
used in the previous Section the g 0 (f^jx’go(6) Lorentz harmonics ( ITT]) are represented by 


the reducible matrix 


4 ( 0 vj± 


To extract the irreducible part from the re-symmetry parameter fl28|) 

,i + r 


re- 


a = Sj £l+)a = „£»(__) a 


(56) 


(57) 


it is necessary first of all to contract re- with the 32 x 32 Lorentz-harmonic matrix 
As a result we get the parameter 

K z = K P v * = (,#;#) = (re", re" 9 ; re", re" 9 ) 

covariantly splitted into four pieces. 

The set of the parameters re- (|58|) satisfies the condition 


(58) 


n- = «£( r 


( 59 ) 


where (in the complex representation 


/tV\ a _ fl-r-i a a 

(r) - = v,-r~-v & - = 
^ ' 0 0 0 - 
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— det(r / + F) 


(^(4 ) )f+ie abcd F ab F cd 5 i 


0 


0 ~ 2i M~p 

— (^C 4 ))^ 8 


“ i t-abcd TP TP X QL 

£ fabled o- a 


(m)i = jf““(<w) 4 - = 


'5 0 5 q 

w a p 


o 


0 -5/6S 


a q 


(rr \£-L -bcd F ,l_(i Fab ^b) a ^\ 0 

\ a (2))a g e Iab\&cd)a ( n _ijpab(~„_\0 


The solution of Eq. (^) has the form 


\F a \a a a h yj q r 


( 60 ) 


//■ 


h = i 5 E {+) ^ = 


( «? \ 

2 b_RP g f« 

Zb+rfff 

V R° q ) 


where 


/«S = }», = fq) = ffa = jF*( 

6 + = - 


( 61 ) 


( 62 ) 


1 ± le abcd F ab a cd + —det{r] + F) 

The solution (|6T|) singles out 16 independent covariant parameters //“, R aq of the 
irreducible //-symmetry of the super-D-3-brane. 

Remember that the infinite reducibility of the //-symmetry in the Green-Schwarz 
formulation of superstring theory |H| is a main problem which hampers the covariant 
quantization. The same problems appear in the DB1 like formulation of the super I) p 
branes [l|]-[f]J, which have //-symmetry realized in the infinitely reducible form. 

In this respect it is remarkable that, as has been proved in this Section, the //-symmetry 
of the Lorentz-harmonic formulation of the super-H-p-branes is realized in irreducible 
form. 


7 Generalized action functional and superfield equa¬ 
tions of motion 


The action (|38|), ( |39| ) and (j22|) is written in terms of differential forms without any use 
of Hodge operation * and, hence, can be used for the construction of the generalized 


action 11 


see 


14| for supergravity) for Dirichlet super-p-branes in a D — 10 type II 


supergravity background. 
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This generalized action can be regarded as a dynamical basis for deriving superfield 
equations of motion of the super-H-p-branes as geometrical conditions of embedding 
their superworldvolumes into a target superspace 0- 0 0 0. 


Suppose the integration surface in the functional fl38|) to be an arbitrary surface 

vF +1 = {(r,y©)} (63) 

in a worldvolume superspace 

e (p+i|8+8) = ( 64 ) 

of the type II super-p-brane specified by 16 Grassmann functions (Goldstone fermions 

S) 

y = y<r). 

Henceforth suppose all the coordinates of the target superspace and Lorentz harmonics 
involved into (|39| ) and (j22|) to be superfields on £(p +1 I8+8) 


Z M. = Z ^n), u£ = u^ri), 
but restricted to an arbitrary surface : y = y(^) 


(65) 


( 66 ) 


In this way we get a generalized action for super-D-p-branes (see [11] for superstrings and 
type / super-p-branes) in D = 10 type II supergravity background 


S= I ,r ° 

J MP+ 1 ={{i,v=v{0)} 


*WZ\ 


( r u I r\ 


(67) 


£° = 
l 'p +i — 


( t \s, Ea ° A Eai A ••• A E ap e aoai ,„ ap e * ^ ^\J-det(y ab + F ab ) 


(p+ 1) 

+Q p -i A [e 2< ^{dA — - 8 ( 2 )) — ~E b A E a F ab ])\ MP +i, 

^? = e jr A CV +1 . 

In (^) the formal sum of the forms C is defined by (|23|) and all the variables should be 
regarded as superfields (|65|) restricted to the bosonic surface AA P+1 (0). All the forms 
are defined on the whole worldvolume superspace (0) and pulled back into M. p+l (this 
is denoted by \m p+1 )- F°r example, the external differential is 


d = d£, m d m + dr]% = e A V A = e«V„ + 


( 68 ) 


and its pullback is 


d = dC( d m + d m rf((,)d r ) = dC (4 + d m rf(()e A )V A . 


(69) 
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Note that the difference in construction of the generalized action (67) from the gener¬ 
alized action for ordinary type I super-p-branes [|T]J is that ( 0 ) does not contain intrinsic 
worldvolume supervielbeins (| 8 [) and (||) as independent auxiliary fields |y As we shall see 
below and in the next Section worldvolume supergeometry is induced and completely 
specified by conditions of embedding into target superspace. 

A reason why one finds more convenient to construct the action without intrinsic 
worldvolume supervielbeins is the presence of the worldvolume 1 -form gauge (super)field 
and the nonlinear nature of the H-brane theories reflected in the form of the DBI func¬ 
tional in the original formulation [1-5]. 

The generalized action principle Jll], [H]] is based on the requirement that the equations 
of motion originate from the vanishing of the variation of the functional ( 0 ) with respect 
to the variation of the superfields involved as well as under arbitrary variations of the 
surface Ad^ p+1) itself which can be regarded as a variation with respect to the Goldstone 
fermion field ?/*(£). 

For the Lagrangian form under consideration it can be proved (see Refs. [|lTJ ) that 
the variation with respect to the surface i.e. 

SS 


HO 


= 0, 


does not lead to new equations of motion. (The letter are consequences of the equa¬ 
tions of motion for other fields). This implies the superdiffeomorphism invariance of the 
generalized action []T4 . 0 . 

In the same way as it was done in refs. 0 for superstrings and type I super-p-branes 
one can show that this superdiffeomorphism invariance is related to the irreducible re- 
symmetry of the Lorentz-harmonic formulation (p 8 |) as well as to the infinitely reducible 
re-symmetry (|26p - (|28|) of the original DBI-like formulation. Thus, as in the case of 
ordinary super-p-branes (see |TT[] |3T[] ), the generalized action clarifies the origin of the 
re-symmetry of the super-H-p-brane theories as a manifestation of the local worldvolume 
sup ersymmet ry. 

The fact that the surface A4 ( - p+1 ) ( |55| ) is arbitrary and that the whole set of such sur¬ 
faces spans the whole worldvolume superspace (|64D ensures the possibility of considering 
equations of motion ( 5S/5Z— = 0, etc. ) as superfield ones, i.e. as equations for the 
superforms and superfields defined in the whole worldvolume superspace £(p + 1 I 8 + 8 ). These 
equations are formally the same as ones obtained from the action (^ 8 |) (see, for instance, 
(H), © and (0)): 

E i = dZ—E l M = 0, (70) 


E^l - (-(1 - r)7<» +1 >)/ A* = 0. 


(71) 


2 In this sense the action (H) is closer to a formulation of bosonic strings with auxiliary vector fields 
proposed in p4| than to the Lorentz-harmonic formulation of refs. §00- 
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but now these are the equations for superforms and hence they should be expanded in 
the whole basis (^|) of the supervielbeins 


e A = (e“, e“) = (e a ,e“,e“ 9 ) 


(72) 


of the worldvolume superspace ([>4|), the external differential being determined in (|68|) 
As a result (j7(|) contains now a spinor component 


E l = dZ—E l M = e a Ej + e & E\ = 0 =» Ej = 0, Ed = 0. 


(73) 


The vanishing of the vector component of (J7^) {E l a = 0) implies that the worldvolume 
bosonic viclbein superform can be identified with the induced vielbein E a up to a non¬ 
singular matrix rn b a = E b a Q 


e b m b a = E a 


E & a = 0 , 


(74) 


(which is a conventional rheotropic condition ||TT| ). Eqs. (|73|) and ([74|) result in the 
geometrodynamic condition 

Ef = 0 (75) 

being a basic point of the superfield (twistor-like) description of superstrings and the 
type I superbranes 0 - 0, 0 as well as of the D — 11 super 5-brane 0 and 
Dirichlet-p-branes in the linearized approximation [jEJ . 

Decomposing Eq. ( |7T| ) in the basic worldvolume (p + 1) -forms we hnd that the second 
term contains the input proportional to the form e ai A ... A e ap+1 e ai ... ap+1 only, while the 
input proportional to the basic form e ai A ... A e ap A e“ comes from the first term which 
gives rise to an independent geometrical equation for the components of the Grassmann 


superviclbein E- (a fermionic rheotropic condition [JlTJ ). Upon omitting a nonsingular 
matrix multiplier one reduces this equation to 


E ( p~ = 0 . 


or, in terms of differential forms, to 


B <- )4 = e a pp~. 


(76) 


(77) 


Eq.(|7Bj) (or ([77|)) together with (17) f) and (74) form the complete set of 
superfield equations for the super—D—p branes in D = 10 type II supergravity 
background. 

The superfield equation being the coefficient of the basic (p + l)-form e ai A ... A 
in ( |7T| ) expresses the gamma trace of the superfield (|77| ) through the 


e ap +1 e, 


ai...a p +i 


3 The choice of the matrix m b a is a matter of convenience and can be used to get the main spinor-spinor 
component of the worldvolume torsion in the standard form (see below). 
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derivatives of the dilaton superfield A& = l/2T>&(p. For example, for the case of 3-brane 
we get 

= 4 K'J-dettri + F) - 1)AJ + 8 


<& ,’“<4 = -4i(J-det(ri + F) - 1)A 4 , - s jp/AV 
This equation is the same as the equation of motion of derived from the “component’ 1 


action (|38D, but with worldvolume superfields instead of helds. We should stress that 
these fermionic equations can be obtained from the selfconsistency conditions for Eqs. 
(0), (0) and (O- 


8 Superfield equations for type IIB super—D—3—brane 


As an instructive example let us consider the superfield equations for a super—D—3— 
brane in flat D = 10 N = IIB superspace. 

As it was done for the parameter of the ^-symmetry in the section 4, using the 
explicit form of the projector f (^0j) in the complex representation (^) we can express two 
independent 8-component forms E^ aq and of the 32-conrponent form 

T 


£(-)h = £(-)£ v & = 


2 N, 


(78) 


\ 2 b^E^foff J 

(for the definition of /, / and b± see (|62D) in terms of the covariant components E°, E aq , 77“, 
and E aq of the complete pullback into the worldvolume superspace of the Grassmann viel- 
bein 1-form 

( Ea q \~ 

E Aq 


E^ = Ei-vjr- = 


In this way we get 


2 b_^—det(rj + F) 

E^~ )a = - 1 - 

2 b + ^—det(rj + F) 


E? 

\E Aq J 


(E Aq - 2 b_EP q ff), 
{E« - 2 b+Etff) 


(79) 


In flat D = 10 IIB superspace (where, in particular, A^ = 0) after some algebra Eq. (0) 
for the super-D-3-brane takes the form 


£(-) a 7 (3) = 0 




±E ai A E a2 A E a3 A e ai a 2 a 3 a 4 rn 
i_E ai a E a * A E a3 A e aia2a3a4 


CL 4 


A E^ a a a ■ = 0 

1 \ j-j a u act 


9 “ Q ’ (80) 
m “ 4 A cr“ a,E( ) aq = 0 
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(81) 


In 


m a = s a + b + b_Sp(a a fa b f ) 


where /, / are spinor representations for the self-dual and the anti-self dual part of the 
tensor F ab defined in Eq.(^) together with b±. Choosing the worldvolume vielbein as in 
(|74|) with the matrix m given by (|8TD we get from 


(82) 


2,e“‘ A e“= A e“ A e n „„ A E l >“trA = 0, 


q aa 


^e ai A e“ 2 A e“ 3 A e aia2a3 a 4 A cr“aE [ )aq = 0 


Using the expressions (|79| ) we can represent the geometrical Grassmann equations 
(rheotropic conditions ) (|77|) in the form 

E a q = 2b+E*ff + eVoJ, 

= 2 b.E^fF + (83) 

where (see (0) 

« = 2 b-y/detti + F)&-* «« = 2 b+y/detfr + FWP*. 

Equations (|83D together with (|73l) and (|74D 

E i = dZ—Ejpn\ = 0, (84) 

E a = dZ—E^u^ = e b m b a (85) 

form the complete set of the superfield equations ( rheotropic conditions [[DJ) for the 
type IIB super-3-brane in flat D = 10, N = 2 B superspace. 

To completely specify the worldvolume superspace geometry we should add to the 
above equations conventional rheotropic conditions determining the Grassmann world- 
volume supervielbeins e" = (e“,e" 9 ) which are not present in the generalized action. It 
can be proved (in a way similar to one described in the refs. 0 for superstrings and 
ordinary super-p-branes) that e“ can be identified with a linear combination of E aq 
and E a pulled back into superworldvolume 


E°„ 


E a y “ = e a 

Aaq '-'q ? 


E * q _ E a-aq = -aq , 


The dynamical equations of motion of Q- contained in (|8^) 

CC = 0, = 0, 

can be obtained from selfconsistency conditions of the equations (|33|), 


and 


( 86 ) 


(87) 


as 


described in [10, 11 for type I super-p-branes and superstrings. 
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The selfconsistency conditions also leads to worldvolume supergravity torsion con¬ 
straints [[□], [C| . In this respect it should be stressed that choosing in (|85|) the m matrix 


in the form (|8l|) we get the main torsion constraint in the standard form 


T q , c = -i5\a c n ,. 

a (3p P exp 


( 88 ) 


The set of superfield equations for super-.D-3-brane (jg3|)-(|86| ) obtained above gener¬ 
alizes linearized equations for the D-3-brane studied in |T2| and is similar to equations 
proposed for the D = 11 super-5-brane in ref. |T3| . 


Thus the generalized action proposed herein provides a bridge between the formula¬ 
tions of refs. [1-4] and the superfield geometrical approach of refs. [Itj, [11], [12], [13 . 


9 Conclusion 

In conclusion we have proposed the Lorentz-harmonic formulation with irreducible k- 
symmetry and the generalized action functional for Dirichlet super-p-branes in D = 10 
type II supergravity background. In this formulation not only the WZ term but the 
whole super-D-p-brane action is an integral of the differential (p+l)-form. From the 
generalized action we obtained the general form of the superfield equations of motion for 
all super-D-p-branes and specified them in more detail for Type IIB super-3-branes. 

The superfield equations we obtained generalize linearized super-D-p-brane equations 
of ref. [0 and have the form analogous to one proposed recently for D = 11 super-5- 


branes in Ref. |R|. Thus we have established a relation between the “standard” approach 
to super-D-p-branes based on the DBI action ||-f4|] and the superfield approach to these 
objects [ 


13 


A natural next step consists in studying the possibility of constructing a generalized 
action for the D = 11 super-5-brane of M-theory which should produce the superfield 
equations of ref. 


13 


A covariant action for the D = 11 5-brane proposed recently in |35[] as a generalization 
of results of |3(| provides a basis for this construction. 


Acknowledgments. The authors are grateful to K. Lechner and P. Pasti for useful 
discussion. 

Work of M.T. was supported by the European Commission TMR programme 
ERBFMRX-CT96-045 to which M.T. is associated. I.B. and D.S. acknowledge partial 
support from the grant N2.3/644 of the Ministry of Science and Technology of Ukraine 
and the INTAS Grants N 93-127, N 94-2317. 


References 


19 










































[1] M.Cederwall, A. von Gussich, B.E.W. Nilsson and A. Westerberg, The Dirich 
let Super-Three-Branes in Ten-Dimensional Type IIA and IIB Supergravity, [hep- 
th/9610T48 


[2] M.Cederwall, A. von Gussich, B.E.W. Nilsson, P. Snndell and A. Westerberg, 
The Dirichlet Super-p-branes in Ten-Dimensional Type IIB Supergravity, |hep-| 
th/9611159j 


[3] M. Aganagic, C. Popescu and J.H. Schwarz, D-Brane Actions with Local Kappa 
Symmetry, [hep-th/9610249| . 


[4] E. Bergshoeff and P.K. Townsend, super-D-branes, |hep-th/9611173 


[5] M.Cederwall, A. von Gussich, A. Micovic, B.E.W. Nilsson and A. Westerberg, On 
the Dirac-Born-Infeld Action for D-Branes, Hiep-th/9606173| . 

[6] E. Sokatchev, Phys. Lett. B169 (1987) 209; Class. Quantum Grav. 4 (1987) 237. 

[7] I.A. Bandos, Sov.J.Nucl.Phys. 51 (1990) P.906-914 [1429-1444]; I.A. Bandos and 
A.A. Zheltukhin, Fortschr. Phys. 1993. V.41. N7. 619-676. 


[8] A. Galperin, P. Howe and K. Stellc, Nucl. Phys. B 368 (1992) 248; A. Galperin, F. 
Delduc and E. Sokatchev, Nucl. Phys. B 368 (1992) 143. A.Galperin, P.Howe and 
P.K.Townsend, Nucl. Phys. B 402 (1993) 531. 

[9] I. A. Bandos and A. A. Zheltukhin, Phys. Lett. B288 (1992) 77, Int. J. Mod. 
Phys. A8 (1993) 1081, Phys. Part. Nucl. 25 (1994) N5. P.453-477 [1065-1127], 
Class.Quantum Grav. 12 (1995) No3. 609-626. 


[10] I. Bandos, P. Pasti, D. Sorokin, M. Tonin and D. Volkov, Nucl.Phys. B446 (1995) 
79 119. (|hep-th/9501113|) . 


[11] I. Bandos, D. Sorokin and D. Volkov, Phys. Lett. B 352 (1995) 269.( [hep~ 
| th/9502141] ).D.V. Volkov, Generalized Action Principle for superstrings and super¬ 

membrane, |hep-th/9512l03[ In: “Proc. “SUSY 95”. Paris (|hep-th/9502141|) ; I. 
Bandos, Doubly supersymmetric geometric approach for heterotic string: From Gen¬ 
eralized Action Principle to exactly solvable nonlinear equations, |hep-th/9510213| , 
To be published in Proc. Intern. Conf. on Mathematical Physics, Rahiv, Ukraine, 
September 1995, 


[12] P. Howe and E. Sezgin, Superbranes, |hep-th/9607227 . 


[13] P. Howe and E. Sezgin, D 


11, p = 5 |hep-th/9611008 . 


20 


































[14] Y. Neeman and T. Regge, Phys. Lett. B 74 (1978) 31, Revista del Nuovo Cim. 1 1978 
1; R. D Auria, P. Fre and T. Regge, Revista del Nuovo Cim. 3 1980 1; 

L. Castcllani, R. D Anria, P. Fre. “Supergravity and superstrings, a geometric per¬ 
spective”, World Scientific, Singapore, 1991 (and references therein). 

[15] M. Green, J. Schwarz and E. Witten, Superstring Theory, CUP, 1987. 

[16] A. Galperin, E. Ivanov, S. Kalitzin, V. Ogievetsky and E. Sokatchev, Class. Quantum 
Grav. 1 (1984) 498; Class. Quantum Grav. 2 (1985) 155. 

[17] D. Sorokin, V. Tkach and D. V. Volkov, Mod. Phys. Lett. A4 (1989) 901. 

[18] D. V. Volkov and A. Zhcltukhin, Sov. Phys. JETP Lett. 48 (1988) 61;Letters in 
Math. Phys. 17 (1989) 141;JVucJ. Phys. B 335 (1990) 723. 

[19] D. Sorokin, V. Tkach, D. V. Volkov and A. Zheltukhin, Phys. Lett. B216 (1989) 
302. 

[20] D. P. Sorokin, Fortshr.Phys. 38 (1990) 923; 

P. S. Howe and P. K. Townsend Phys. Lett. B259 (1991) 285; 

F. Delcluc and E. Sokatchev, Class. Quantum Grav. 9 (1992) 361. 

A. Pashnev and D. Sorokin, Class. Quantum Grav. 10 (1993) 625. 

[21] N. Berkovits, Phys. Lett. 232B (1989) 184; 241B (1990) 497; Nucl. Phys. B350 
(1991) 193; B358 (1991) 169; Nucl. Phys. B379 (1992) 96; B395 (1993) 77. 
N. Berkovits, Preprint IFUSP-P-1212, April 1996, |hcp-th/9604123| (and references 
therein). 

[22] E. Ivanov and A. Kapustnikov Phys. Lett. B267 (1991) 175; 

V. Chikalov and A. Pashnev, Mod. Phys. Lett. A8 (1993) 285. 

[23] M. Tonin, Phys. Lett. B266 (1991) 312; 

Int. J. Mod.Phys 7 1992 613; 

S. Aoyama, P. Pasti and M. Tonin, Phys. Lett. B283 (1992) 213. 

[24] F. Delcluc, E. Ivanov and E. Sokatchev, Nucl. Phys. B 384 (1992) 334. 

[25] A. Galperin and E. Sokatchev, Phys. Rev. D46 (1992) 714. 

[26] F. Delcluc, A. Galperin, P. Howe and E. Sokatchev, Phys. Rev. D47 (1992) 587. 

[27] I. A. Bandos, D. P. Sorokin, M. Tonin and D. V. Volkov, Phys.Lett. B319 (1993) 
445. 

[28] P. Howe Phys. Lett. B 332 (1994) 61. 


21 




[29] A. Galperin and E. Sokatchev, Phys. Rev. D 48 (1993) 4810. 

[30] P. Pasti and M. Tonin, Nucl. Phys. B 418 (1994) 337. 


[31] E. Bergshoeff and E. Sezgin, Nucl. Phys. B 422 (1994) 329. 

E. Sezgin, Preprint CTP TAMU-58/94, November 1994; |hep-th 9411055 


[32] D. Polyakov, k-S ymmetry and Bogomohny Bound, |hep-th/9609092 . 

[33] D. V. Volkov and V. P. Akulov, Sov. Phys. JETP Lett. 16 (1972) 438, Phys. Lett. B 
46 (1973) 109. 

D. V. Volkov and V. A. Soroka, Sov. Phys. JETP Lett. 18 (1973) 312. 

[34] D. V. Volkov and A. Zheltukhin, Ukr. Fiz. Zhurnal 30 (1985) 809 [in Russian], 

[35] P. Pasti, D. Sorokin and M. Tonin, Covariant action for a D = 11 5- brane with the 
chiral held, [hep th/97010371 . 

[36] P. K. Townsend, Phys. Lett. B 373 (1996) 68. 

O. Aharony, String theory dualities from M-theory, |hcp-th/9604103 


E. Bergshoeff, M. de Roo, Tomas Ortin, The eleven-dimensional five-brane, |hcp- 
th/9606118| . 


M. Perry and J. H. Schwarz, Interacting chiral gauge fields in six dimensions and 
Born-Infeld theory, |hcp-th/ 961 1065| . 

J. H. Schwarz, Coupling a Self-Dual Tensor to Gravity in Six Dimensions, |hep- 
th/9701008 . 


22 


















